Abstract. We prove that an affirmative answer to Stark's question relating special values of abelian L-functions to S-units in certain number fields implies the truth of the main condition in Popescu's conjecture for the same setting. We then compute two examples in which the question is seen to have an affirmative answer and the full conjecture follows from our result.
Introduction
Stark's general conjecture [5] postulates that the leading term at s = 0 of an Artin L-function with the Euler factors in a set S removed has an arithmetic interpretation involving the S-units in an associated number field. If true, this conjecture would provide a far-reaching generalization as well as a character-bycharacter decomposition of the familiar formula for the case of a Dedekind zetafunction. Stark formulated a more specific conjecture [7] for abelian L-functions with first order zeroes, and we are interested here in similar refinements for abelian L-functions with higher order zeroes. Modifying a conjecture of Rubin [4] , Popescu [3] recently formulated such a conjecture in terms of exterior products of the group of S-units; Stark [6] once posed a detailed question specifically for the case of second order zeroes of abelian L-functions. In this note, we observe that an affirmative answer to a weak form of Stark's question implies the truth of the main condition in Popescu's conjecture for the same situation. We end by computationally confirming that Stark's question has an affirmative answer in two specific examples, and showing that our result is sufficient to imply that the full conjecture of Popescu holds in examples of this type.
Notation: Abelian L-functions and S-units
Let us fix some standard notation to be used throughout the rest of this paper. A more detailed exposition of this and related material along with numerous references appears in the book of Tate [9] .We begin with a finite abelian extension of number fields K/k with Galois group G = Gal(K/k) and a finite set of primes S of k. By assumption, S contains all of the infinite primes of k, as well as all of the finite primes of k which ramify in K. We also fix a distinguished set of primes of S with cardinality denoted by r, all of which split completely in K, and assume that S has cardinality #S > r. Then S K will denote the set of primes of K lying above those in S. For our purposes, the group of S-units U S is then defined to be the set of elements of the extension field K having absolute value equal to 1 at all of the primes not in S K . To be precise, if w is a prime of K and α ∈ K, we denote the normalized absolute value of α at the prime w by |α| w . When w is a finite prime with residue field of cardinality Nw and α has valuation ord w (α), then |α| w = Nw −ordw (α) . When w is an infinite prime, |α| w is the usual absolute value of the image of α in R determined by w if w is real, and it is the square of the usual absolute value of the image of α in C if w is complex. Using this notation, the formal definition of U S is U S = {u ∈ K :
As usual, we also let O K denote the ring of integers of K, µ K denote the group of roots of unity in K, and w K denote the order of this group. Now let χ be an element of the character group G of G. For q a prime of k not in S, hence finite and unramified, the associated Frobenius automorphism σ q ∈ G is defined. Our modified Artin L-function associated with the extension K/k, set S, and character χ is defined by the Euler product
which extends to a meromorphic function on the complex plane. The order of the zero of L S (s, χ) at s = 0 is
where G p ⊂ G is the decomposition group of p and δ χ = 1 if χ = χ 0 , the trivial character; δ χ = 0 otherwise. Since G v = 1 for each of the r distinguished primes v in S, and #S > r, we see that
We will be concerned with the values (using Rubin's notation; note that this is 1/r! times the rth derivative):
Stark's Question
Following Tangedal [8] and Grant [2] , we now formulate the question of Stark, a special case of which was presented by Stark in [6] . In section 4, we will state Popescu's conjecture. Then in section 5, we will show that the existence of ε 1 , ε 2 ∈ U S satisfying the first three conditions of Stark's question implies the truth of the main condition in Popescu's conjecture for the same setting.To conclude, we provide two computational examples in section 6.
The following result of Tangedal [8] provides the main theoretical evidence for an affirmative answer to Stark's Question.
Theorem 3.1 (Tangedal). Stark's question has an affirmative answer when #S > 3, k is a real quadratic field, and K/k is a relative quadratic extension, and the two distinguished primes are infinite.
The assumption that k must be a quadratic field in this last theorem can probably be removed, at least when #S > 4. Its presence is primarily due to the fact that this was part of Stark's first version of the question.
Popescu's Conjecture
Following Tate [9] and Rubin [4] , Popescu [3] stated his conjecture using a regulator which lies in R[G]. To define it, one chooses primes w 1 ,...,w r in S K , one above each of the r distinguished primes in S. Given an r-tuple (u 1 , u 2,..., u r ) of elements chosen from U S , the associated regulator is
, then the determinant in Stark's question may clearly be identified as
Rubin observed that the regulator R(u 1 , u 2,..., u r ) depends only on the mono-
In general, an element of ∧ r U S is not necessarily a monomial, but may be expressed as a finite sum of monomials. By extending Z-linearly, one arrives at Rubin's more general notion of a regulator
, with ε chosen appropriately, constitutes one side of the equation featured in Popescu's conjecture. The refinement beyond Stark's general conjecture is provided by requiring ε to lie in a lattice, or finitely generated Z-module of maximal rank, contained in Q ∧ r U S , but slightly larger than the image of ∧ r U S . To define this special lattice ∧ r 0 U S , we first let (Popescu) . There exists an ε in Q ∧ r U S such that
Work of Rubin [4] and Popescu [3] provides the following evidence for this conjecture. 
Passing from Stark's Question to Popescu's Conjecture
To characterize elements of ). It follows from Kummer theory that ε 2 = ε t 1 δ wK for some integer t and some δ ∈ K. Necessarily δ ∈ U S . Notice that we may replace ε 2 by ε 2 ε −t 1 = δ wK without affecting the determinant in condition 1 of Stark's question, because this has the effect of subtracting t times the first row of the matrix from the second. Thus if we put
S (0, χ) ∀χ ∈ G, by Remark 4.1. So ε satisfies condition 2 of Popescu's conjecture. We now show that this ε also satisfies condition 1 of Popescu's conjecture, that ε ∈ ∧ 2 0 U S . In order to check that ε =
By the definition of ∧ 2 0 U S , it suffices to show that
S , by our assumption that condition 3 holds, and this implies that ϕ(δ)
Since ε 1 ∈ U ab S , the proposition gives us ξ α ∈ U S for each α ∈ A, so that ε
for each α ∈ A, and u = δ ϕ(ε1) ∈ U S , and verify that this choice satisfies the conditions of the proposition for showing that u ∈ U ab S . The first condition is clearly met since u ∈ U S . For the second condition, In the situation of this theorem, condition 3 of Popescu's conjecture becomes vacuous if r(χ) = 2 for all χ in G. Thus we immediately observe the following corollary.
Corollary 5.3. Suppose that Stark's question has an affirmative answer for K/k and the set S. If r(χ) = 2 for all χ in G, then Popescu's conjecture holds for K/k
and the set S with r = 2.
Computational Examples
We now describe two examples in which we can demonstrate an affirmative answer to Stark's question by computations using PARI [1] . In these examples, the Corollary then suffices to show that the full conjecture of Popescu holds. We will present the first example in detail. The second is similar, but differs in that the extension K/k is ramified.
Let k = Q( √ 229) with class number 3, and let K be the Hilbert class field of k, so [K : k] = 3. In order to specify the set S, we choose a finite prime p of k which is inert in K. By class field theory, P = pO K is a principal ideal, while p is not principal. Thus p is not inert or ramified in k/Q, and Np = p, a rational prime. Let ∞ 1 and ∞ 2 be the two infinite primes of k, and set S p = {∞ 1 ,∞ 2 , p}. Now K is easily seen to be a totally real, non-abelian Galois extension of Q of degree 6, and hence the Galois group of K/Q is isomorphic to the symmetric group on 3 letters: Gal(K/Q) ∼ = S 3 . With PARI, we found that K = Q(ω), where ω is a root of x 6 + 2x 5 − 14x 4 + 14x 2 + 2x − 1 = 0. Our choice of w 1 and w 2 can be characterized by the values log |ω| w1 = 1.56783189... and log |ω| w2 = −0.19781115... Let σ = σ p ∈ G = Gal(K/k), be the Frobenius automorphism of P over p. So σ is non-trivial, and generates the group G of order 3. We found that ω σ = (ω 4 +3ω 3 −10ω 2 −9ω−1)/4. Let τ ∈ Gal(K/Q) be an element of order 2, with fixed field F . One such choice of τ sends ω to (5ω 5 +8ω 4 −73ω 3 +29ω 2 +54ω−7)/4, and leads to F = Q(ω ), where ω is a root of x 3 − 4x − 1 = 0. Denote the trivial character of G by χ 0 as usual, and the complex conjugate non-trivial characters by χ 1 and χ 2 = χ 1 . By the properties of Artin L-functions, it can be shown that
and for i = 1, 2 we have
with L(s, χ i ) denoting the usual Artin L-function associated with the character χ i ; and ζ k , ζ F , and ζ denoting the Dedekind zeta functions of k, F , and Q, respectively. Thus we can easily compute the values we need in terms of the regulators R k and R F and the class numbers h k = 3, h F = 1 of these fields, by means of the analytic class number formula.
In order to perform our computation, we specify at this point that p = p 3 , a prime above p = 3 in k. Later we will see that consideration of this choice suffices to provide a description of the general case. With the aid of PARI, we obtained a specific generator π = π 3 ∈ K for the principal ideal P = pO K , namely π = (2ω 5 + 5ω 4 − 23ω 3 + 23ω + 1)/4. We also chose the specific unit u = ω σ = (ω 4 +3ω 3 −10ω 2 −9ω −1)/4 of K, with the property that N K/k (u) = ε k , the fundamental unit of the real quadratic field k, and such that the set {π, . Since every character of Gal(K/Q) ∼ = S 3 is rational, the main result of [5] now implies that there exists a unique element
upon extending χ to Q[G] by Q-linearity. Indeed, by following the proof carefully, one can conclude that 3ρ ∈ Z [G] . Although this last piece of information is not required for the computational confirmation of the conjecture, we point it out simply to indicate that a single decimal digit of accuracy suffices to identify ρ uniquely. In fact, our explicit choice of units results in
; the integrality of this element already gives partial confirmation of an affirmative answer to Stark's question.
Upon setting
we have
So if we put
, and
for each χ ∈ G. Thus condition 1 of Stark's question is satisfied. Now
which is visibly a square in K. This suffices to prove that K(ε 1/wK 1 )/K is abelian, by the remark following Proposition 5.1. Then ε 2 = ε 1 u 2 , so
Thus conditions 2 and 3 of Stark's question are satisfied. Finally, observe that ε σ j i generates P for all i and j, thus satisfying condition 4 of Stark's question, and we have confirmed the full question in this example. Now we consider the case of an arbitrary finite prime p of k which is inert in K. We have remarked that p is non-principal, and hence is equivalent to either p 3 or p τ 3 , as the class group of k just has order 3. Since we have not distinguished between p 3 and p τ 3 , we may assume that p = (λ)p 3 for some λ ∈ k. We now consider the effect of replacing π = π 3 by π = π p = λπ 3 and S p3 by S p = {∞ 1 ,∞ 2 , p}. Notice that σ is unaffected, as it depend only on the ideal class of p. The same goes for
and from equation 1, we see that equation 2 holds for χ = χ 0 when p is an arbitrary inert prime. Next we examine the situation for χ = χ 0 . Again since λ ∈ k, and N K/k (u) = ε k , we see that
By adding the first column to the second, we obtain
Hence from equation 1, we have
This establishes equation 2 for all χ in G, and the proof of the conditions in Stark's question now follow for S p exactly as they did for S p3 . Finally, we note that if S p = {∞ 1 ,∞ 2 , p}, with p not inert in K/k, then p is split and by class field theory, it is therefore principal in k, p = (π). In this case, it is easy to see that , with this choice of π, and the same u, equation 2 again holds for all χ in G. Thus we have proved the following theorem. (2) , and S = {∞ 1 ,∞ 2 , (2)}.
In this last example, we again have [K : k] = 3, but the prime (2) is ramified in K/k, so must be included in S. As before, K is a Galois extension of Q with Gal(K/Q) ∼ = S 3 . We have K = Q(ω), where ω is a root of 
